We show that the cardinality of the transverse intersection of two compact exact Lagrangian submanifolds in a cotangent bundle is bounded from below by the dimension of the Hom space of sheaf quantizations of the Lagrangians in Tamarkin's category. Our sheaf-theoretic method can also deal with clean and degenerate Lagrangian intersections.
Introduction
Study of Lagrangian intersections, especially intersections of exact Lagrangian submanifolds in cotangent bundles is an important problem in symplectic geometry. In this paper, we study them using a method based on the microlocal sheaf theory, more precisely, Tamarkin's category and Guillermou's sheaf quantization. We state our main result and its corollary in Subsection 1.2.
Applications of microlocal sheaf theory to symplectic geometry
The microlocal sheaf theory was introduced and systematically developed by Kashiwara and Schapira [KS90] . One of the key ingredients of the theory is the notion of microsupports of sheaves. In the sequel, let k be a field. Let moreover X be a C ∞ -manifold and denote by D b (X) the bounded derived category of sheaves of k-vector spaces. For an object F ∈ D b (X), its microsupport SS(F ) is defined as the set of directions in which the cohomology of F cannot be extended isomorphically. The microsupport is a closed subset of the cotangent bundle T * X and conic, that is, invariant under the action of R >0 on T * X.
Tamarkin [Tam08] proposed a new approach to symplectic geometry, which is based on the microlocal sheaf theory. A sheaf whose microsupport coincides with a given conic Lagrangian submanifold of a cotangent bundle (outside the zero-section) is called a sheaf quantization of the Lagrangian. For a non-conic Lagrangian, one can consider a sheaf quantization by adding a variable and "conifying" it. Using sheaf quantizations, Tamarkin studied the intersections of particular Lagrangian submanifolds. After his work, GuillermouKashiwara-Schapira [GKS12] and Guillermou [Gui12, Gui16] proved the existence of sheaf quantizations of graphs of Hamiltonian isotopies and compact exact Lagrangian submanifolds in cotangent bundles, respectively. See Section 3 for more details. Note that sheaftheoretic approaches to symplectic geometry also appeared in [KO01, NZ09, Nad09].
Our results
In this paper, we prove that the cardinality of the transverse intersection of compact exact Lagrangian submanifolds in a cotangent bundle is bounded from below by the dimension of the Hom space of sheaf quantizations of the Lagrangians in Tamarkin's category. More generally, provided k = F 2 = Z/2Z, we show that a clean version of the estimate holds with "cardinality" replaced by "total F 2 -Betti number".
In what follows, let M be a compact connected C ∞ -manifold without boundary and denote by T * M its cotangent bundle. We also denote by (x; ξ) a local homogeneous coordinate system. We regard T * M as an exact symplectic manifold equipped with the Liouville 1-form α = ξ, dx . A submanifold L of dimension dim M in T * M is said to be exact Lagrangian if α| L is exact. The main result of this paper is the following. See Section 3 for the definitions of simple sheaf quantizations, Hom ⋆ , and Tamarkin's category T (M ). Theorem 1.1 (see Theorem 4.17). For i = 1, 2, let L i be a compact connected exact Lagrangian submanifold and F i ∈ D b (M × R) be a simple sheaf quantization associated with L i and a function f i :
C j be the decomposition into connected components and define f 21 (C j ) := f 2 (p) − f 1 (p) for some p ∈ C j (independent of the choice of p). Let moreover a, b ∈ R with a < b or a ∈ R, b = +∞. Then, for k = F 2 = Z/2Z, one has
(1.1)
In particular,
If L 1 and L 2 intersect transversally, the inequalities hold for any field k, not only for F 2 .
We also have
where L is the locally constant sheaf of rank 1 on M associated with F 1 and F 2 (see Proposition 4.2 for details). Combining this with Theorem 1.1, we obtain a purely sheaftheoretic proof of the following result of Nadler [Nad09] and Fukaya-Seidel-Smith [FSS08] , as a corollary. where T c : M × R → M × R, (x, t) → (x, t + c) and Ω + := {τ > 0} ⊂ T * (M × R) with (t; τ ) being the homogeneous symplectic coordinate on T * R. The object µhom(T c * F 2 , F 1 )| Ω + is supported in {(x, t; τ ξ, τ ) | τ > 0, (x; ξ) ∈ L 1 ∩ L 2 , t = f 2 (x; ξ) − f 1 (x; ξ) = c} and isomorphic to a shift of the constant sheaf of rank 1 on the support. This completes the proof.
Remark 1.3. Even if the intersection is degenerate, (1.5) and (1.6) still hold, but the object µhom(T c * F 2 , F 1 )| Ω + is not necessarily locally constant on the support. In this sense, the family of sheaves {µhom(T c * F 2 , F 1 )| Ω + } c encodes the "contribution" from each possibly degenerate component of the intersection L 1 ∩ L 2 . We will also explore the contribution in degenerate cases in Section A.
Relation to Lagrangian intersection Floer theory
Although our approach is purely sheaf-theoretic, it seems to be closely related to Floer cohomology and Fukaya categories. We briefly remark the relation below. Tamarkin's category T (M ) has the following properties:
(i) Hamiltonian invariance ( [Tam08, GS14] ),
(ii) the dimension of the cohomology of the clean intersection of two compact exact Lagrangian submanifolds is bounded from below by the dimension of the Hom space of simple sheaf quantizations (Theorem 1.1).
Moreover, as pointed out by T. Kuwagaki, the following also holds in T (M ):
(iii) a simple sheaf quantization associated with any compact connected exact Lagrangian submanifold is isomorphic to a simple sheaf quantization associated with the zerosection of T * M (see Proposition 4.4).
The Floer cohomology HF * (L 2 , L 1 ) has similar properties to (i) and (ii), though the approach is totally different. Floer cohomology for clean Lagrangian intersections was studied by Poźniak [Poź99] , Frauenfelder [Fra04] , Fukaya-Oh-Ohta-Ono [FOOO09a, FOOO09b] , and Schmäschke [Sch16] . Moreover, Nadler [Nad09] and Fukaya-Seidel-Smith [FSS08, FSS09] proved the following, which corresponds to (iii): in the infinitesimal Fukaya category of T * M , any relatively spin compact connected exact Lagrangian submanifold of T * M with vanishing Maslov class is isomorphic to a shift of the zero-section. Note that their assumptions of relatively spin and vanishing Maslov class can be removed, thanks Let f : X → Y be a morphism of manifolds. With f we associate the following morphisms and commutative diagram:
where f π is the projection and f d is induced by the transpose of the tangent map f ′ :
We denote by (x; ξ) a local homogeneous coordinate system on T * X. The cotangent bundle T * X is an exact symplectic manifold with the Liouville 1-form α = ξ, dx . We denote by a : T * X → T * X, (x; ξ) → (x; −ξ) the antipodal map. For a subset A of T * X, we denote by A a its image under the map a. We also denote by h : T * T * X ∼ − → T T * X the Hamiltonian isomorphism given in local coordinates by h(dx i ) = −∂/∂ξ i and h(dξ i ) = ∂/∂x i .
Microsupports of sheaves (
We denote by k X the constant sheaf with stalk k and by Mod(k X ) the abelian category of sheaves of k-vector spaces on X. Moreover, we denote by
the bounded derived category of Mod(k X ). One can define Grothendieck's six operations between derived categories of sheaves RHom, ⊗, Rf * , f −1 , Rf ! , f ! for a morphism of manifolds f : X → Y . Since we work over the field k, we simply write ⊗ instead of
Y G, where q X : X ×Y → X and q Y : X ×Y → Y are the projections. For a locally closed subset Z of X, we denote by k Z the zero-extension of the constant sheaf with stalk k on Z to X, extended by 0 on X \ Z. Moreover, for a locally closed subset Z of X and F ∈ D b (X), we define F Z , RΓ Z (F ) ∈ D b (X) by
One denotes by ω X ∈ D b (X) the dualizing complex on X, that is, ω X := a ! X k, where a X : X → pt is the natural morphism. Note that ω X is isomorphic to or X [dim X], where or X is the orientation sheaf on X. More generally, for a morphism of manifolds f : X → Y , we denote by
Definition 2.1 ([KS90, Definition 5.1.2]). Let F ∈ D b (X) and p ∈ T * X. One says that p ∈ SS(F ) if there is a neighborhood U of p in T * X such that for any x 0 ∈ X and any C ∞ -function ϕ on X (defined on a neighborhood of x 0 ) satisfying dϕ(x 0 ) ∈ U , one has RΓ {ϕ≥ϕ(x 0 )} (F ) x 0 ≃ 0.
One can check the following properties:
(i) The microsupport of an object in D b (X) is a conic (i.e., invariant under the action of R >0 on T * X) closed subset of T * X.
(ii) For an object F ∈ D b (X), one has SS(F ) ∩ T * X X = π(SS(F )) = Supp(F ).
(iii) The microsupports satisfy the triangle inequality: if
We also use the notationSS(F ) := SS(F ) ∩T * X = SS(F ) \ T * X X. We denote by D(X) = D(Mod(k X )) the (unbounded) derived category of sheaves of k-vector spaces on X. An object F ∈ D(X) is said to be locally bounded if for any relatively compact open subset U of X, one has F | U ∈ D b (U ). We denote by D lb (X) the full subcategory of D(X) consisting of locally bounded objects. The microsupport of an object in D lb (X) can be defined in a totally same way as in Definition 2.1, since it is a local notion.
Example 2.2. (i) If F is a non-zero locally constant sheaf on a connected manifold X, then SS(F ) = T * X X. Conversely, if SS(F ) ⊂ T * X X then the cohomology sheaves H k (F ) are locally constant for all k ∈ Z.
(ii) Let M be a closed submanifold of X. Then SS(k M ) = T * M X ⊂ T * X. (iii) Let ϕ : X → R be a C ∞ -function and assume that dϕ(x) = 0 for any x ∈ ϕ −1 (0). Set U := {x ∈ X | ϕ(x) > 0} and Z := {x ∈ X | ϕ(x) ≥ 0}. Then
The following proposition is called (a particular case of) the microlocal Morse lemma. See [KS90, Proposition 5.4.17 and Corollary 5.4.19] for more details. The classical theory corresponds to the case F is the constant sheaf k X .
Then the canonical morphism
is an isomorphism.
By using microsupports, we can microlocalize the category D b (X). Let A ⊂ T * X be a subset and set Ω = T * X \ A. We denote by D b A (X) the subcategory of D b (X) consisting of sheaves whose microsupports are contained in A. By the triangle inequality, the subcategory
B (X; Ω) denotes the full triangulated subcategory of D b (X; Ω) consisting of F with SS(F ) ∩ Ω ⊂ B. In the case Ω = {p} with p ∈ T * X, we simply write D b (X; p) instead of D b (X; {p}). Note that our notation is the same as in [KS90] and slightly differs from that of [Gui12, Gui16] .
Functorial operations ([KS90, §5.4])
We consider bounds for the microsupports of proper direct images, non-characteristic inverse images, and RHom.
Definition 2.4 ([KS90, Definition 5.4.12]). Let f : X → Y be a morphism of manifolds and A be a closed conic subset of T * Y . The morphism f is said to be non-characteristic
(2.5) See (2.1) for the notation f π and f d . In particular, any submersion from X to Y is non-characteristic for any closed conic subset of T * Y . Note that submersions are called smooth morphisms in [KS90] . One can show that if f : X → Y is non-characteristic for a closed conic subset A of T * Y , then 
). For i = 1, 2, let X i be a manifold and denote by q i the projection
Using Proposition 2.6 and Theorem 2.5 (ii) for the diagonal embedding δ : X → X ×X, one can prove the following:
where + is the fiberwise sum.
Non-proper direct images ([Tam08, GS14])
We consider estimates of the microsupports of non-proper direct images in special cases. Let V 1 and V 2 be finite-dimensional real vector spaces and consider a constant linear map
That is, we assume that there exists a linear map u V : V 1 → V 2 satisfying u = id X ×u V . The map u induces the maps
(2.8) 
(2.10)
Morse-Bott inequality for sheaves ([ST92])
In this subsection, we give the Morse-Bott inequality for sheaves, which is a slight generalization of the Morse inequality for sheaves by Kashiwara-Schapira [KS90, Proposition 5.4.20] and was proved by Schapira-Tose [ST92] . For a bounded complex W of k-vector spaces with finite-dimensional cohomology and k ∈ Z, we set
Let F ∈ D b (X) and ϕ : X → R be a C ∞ -function. We set
We consider the following assumptions:
the object
has finite-dimensional cohomology for any i = 1, . . . , N . (ii) one has
for any k ∈ Z.
Note that [ST92, Theorem 1.1] is a stronger result than Theorem 2.10. In this paper, we only use the weaker inequality (2.14). The proof is the same as [KS90, Proposition 5.4.20], since
2.6 Kernels ([KS90, §3.6])
For i = 1, 2, 3, let X i be a manifold. We write X ij := X i × X j and X 123 := X 1 × X 2 × X 3 for short. We use the same symbol q i for the projections X ij → X i and X 123 → X i . We also denote by q ij the projection X 123 → X ij . Similarly, we denote by p ij the projection T * X 123 → T * X ij . One denotes by p 12 a the composite of p 12 and the antipodal map on T * X 2 . Let A ⊂ T * X 12 and B ⊂ T * X 23 . We set
We define the composition of kernels as follows:
If there is no risk of confusion, we simply write
. By Theorem 2.5 and estimates of the microsupports of tensor products (see [KS90, Proposition 5.4 .14]), we have the following:
Microlocalization and µhom functors ([KS90, §4.3, §4.4])
Let M be a closed submanifold of X. The microlocalization functor along M is a functor
.3] for more details). Microlocalization is related to local cohomology as follows. Let p ∈T * X and ϕ : X → R be a C ∞ -function such that ϕ(π(p)) = 0 and dϕ(π(p)) = p. Then, for F ∈ D b (X), we have
Under suitable assumptions, the functoriality of microlocalization with respect to proper direct images and non-characteristic inverse images holds as follows: 
(2.20)
We also recall the functor µhom. Let q 1 , q 2 : X × X → X be the projections. We identify T * ∆ X (X × X) with T * X through the first projection (x, x; ξ, −ξ) → (x; ξ). 
Proposition 2.14 ([KS90, Proposition 4.4.2 and Proposition 4.
(ii) If F is cohomologically constructible (see [KS90, §3.4 ] for the definition), then 
where C(S 1 , S 2 ) is the normal cone and h : T * T * X ∼ − → T T * X is the Hamiltonian isomorphism (see Subsection 2.1).
Proposition 2.16. Let ϕ : X → R be a C ∞ -function and assume that dϕ(x) = 0 for any
Denote moreover by π M + :
(2.25)
Proof. Consider the distinguished triangle
On the other hand, since k {ϕ≥0} is cohomologically constructible, by Proposition 2.14 (i) and (ii), we get
Since RΓ {ϕ≥0} (k X )| M ≃ 0, restricting the distinguished triangle (2.27) to M , we obtain the first isomorphism in (2.25). Moreover since SS(k {ϕ>0} ) ∩ T * + M X = ∅, by Proposition 2.15, we have
(2.30)
Thus the second isomorphism in (2.25) follows from Proposition 2.14 (iii).
Simple sheaves and quantized contact transformations ([KS90, §7.5])
Let Λ ⊂T * X be a locally closed conic Lagrangian submanifold and p ∈ Λ. Simple sheaves along Λ at p are defined in [KS90, Definition 7.5.4]. In this subsection, we recall them. Let ϕ : X → R be a C ∞ -function such that ϕ(π(p)) = 0 and Γ dϕ intersects Λ transversally at p. For p ∈ Γ dϕ ∩ Λ, we define the following Lagrangian subspaces in T p T * X:
(2.31)
Here, our notation λ ∞ (p) is different from that of [KS90] , where the authors write λ 0 (p) for T p (T * π(p) X). In this paper, we do not use the symbol λ 0 (p). We briefly recall the definition of the inertia index of a triple of Lagrangian subspaces (see [KS90, §A.3]). Let (E, σ) be a symplectic vector space and λ 1 , λ 2 , λ 3 be three Lagrangian subspaces of E. We define a quadratic form q on
Then the inertia index τ E (λ ∞ , λ 1 , λ 3 ) of the triple is defined as the signature of q. Using the inertia index and the notation (2.31), one sets
(2.32)
and assume that SS(F ) ⊂ Λ in a neighborhood of p. Then
for some (hence for any) C ∞ -function ϕ such that ϕ(π(p)) = 0 and Γ dϕ intersects Λ transversally at p. If moreover L ≃ k, F is said to be simple along Λ at p. If F is simple at all points of Λ, one says that F is simple along Λ.
Example 2.19. Let X = R n+1 and consider the hyperplane M = R n × {0}. Then k M is simple with shift 1/2 along T * M X. We also recall the notion of quantized contact transformations. Let χ :
and satisfies some properties (see [KS90, §7.2] for details). A quantized contact transformation K induces an equivalence of categories
be a quantized contact transformation associated with a contact transformation χ :
(2.36)
The behavior of the shift of a simple sheaf under a quantized contact transformation is described by the inertia index.
Proposition 2.21 ([KS90, Proposition 7.5.6 and Theorem 7.5.11]). Let F ∈ D b (X) and assume that F is simple with shift d along Λ at p. Let χ : T * X ⊃ Ω 1 ∼ − → Ω 2 ⊂ T * X be a contact transformation defined in a neighborhood of p and K ∈ D b (X × X) be a quantized contact transformation associated with χ. Assume that K is simple with shift
(2.37)
Sheaf quantization and Tamarkin's non-displaceability theorem
In what follows, until the end of the paper, let M be a non-empty compact connected manifold without boundary.
In this section, we review Tamarkin's approach to non-displaceability problems in symplectic geometry based on the microlocal sheaf theory. We also review sheaf quantization of Hamiltonian isotopies and compact exact Lagrangian submanifolds in cotangent bundles.
Sheaf quantization of Hamiltonian isotopies ([GKS12])
Guillermou-Kashiwara-Schapira [GKS12] constructed sheaf quantizations of Hamiltonian isotopies. Since the microsupports of sheaves are conic subsets of cotangent bundles, the microlocal sheaf theory is related to the exact (homogeneous) symplectic structures rather than the symplectic structures of cotangent bundles. In order to treat non-homogeneous Hamiltonian isotopies and non-conic Lagrangian submanifolds, an important trick is to add a variable and "conify" them, which is an idea of Tamarkin.
Denote by (x; ξ) a local homogeneous symplectic coordinate system on T * M and by (t; τ ) the homogeneous symplectic coordinate system on T * R. We set Ω + := {τ > 0} ⊂ T * (M × R) and define the map
Let I be an open interval in R containing 0 and φ = (φ s ) s∈I : T * M × I → T * M be a Hamiltonian isotopy with compact support. Note that φ is the identity for s = 0:
such that the following diagram commutes:
Here φ is called a homogeneous Hamiltonian isotopy if it is a Hamiltonian isotopy whose Hamiltonian function H is homogeneous of degree 1: H s (x, t; cξ, cτ ) = c · H s (x, t; ξ, τ ) for any c > 0. See [GKS12, Subsection A.3] for more details. For simplicity, we set N := M ×R and consider a homogeneous Hamiltonian isotopy φ = ( φ s ) s :T * N × I →T * N and the associated homogeneous Hamiltonian H :T * N × I → R. We define a conic Lagrangian submanifold Λ φ ⊂T * N ×T * N × T * I by
Note that
for any s ∈ I (see (2.16) for the definition of A • B). 
Moreover K is simple along Λ φ and both projections Supp(K) → N × I are proper.
The object K is called the sheaf quantization of φ. For any s ∈ I,SS(K| N ×N ×{s} ) ⊂ Λ φ • T * s I and K| N ×N ×{s} is a quantized contact transformation associated with φ s :
Tamarkin's non-displaceability theorem ([Tam08, GS14])
A diffeomorphism ψ : T * M → T * M is said to be a Hamiltonian diffeomorphism if there exists a Hamiltonian isotopy with compact support φ = (φ s ) s : T * M ×[0, 1] → T * M such that φ 1 = ψ and φ 0 = id T * M . Two compact subsets A and B of T * M are said to be mutually non-displaceable if A ∩ ψ(B) = ∅ for any Hamiltonian diffeomorphism ψ : T * M → T * M . The non-displaceability problem is to determine whether or not given two compact subsets are mutually non-displaceable. Tamarkin [Tam08] (see also Guillermou-Schapira [GS14] ) considered some categories consisting of sheaves on M × R and deduced a criterion for non-displaceability using them.
We set Ω + := {τ > 0} ⊂ T * (M × R) as before, where (t; τ ) denotes the homogeneous symplectic coordinate system on T * R. We define the maps
If there is no risk of confusion, we simply write s for s R . We also define the involution
Note that the functor ⋆ is a left adjoint to Hom ⋆ . The functor
defines a projector on the left orthogonal ⊥ D b {τ ≤0} (M × R). By using this projector, Tamarkin proved that the localized category
For an object in D(M ), we take the canonical representative in ⊥ D b {τ ≤0} (M × R) via the projector unless otherwise specified.
(3.14)
The following separation theorem is due to Tamarkin [Tam08] . 
Proof. We give the outline of the proof. Denote by t : 
2 Although φ does not satisfy [GKS12, (3. 3)] in general, K| M ×R×M ×R×J is bounded for any relatively compact subinterval J of I. The author learned the detailed proof from S. Guillermou. One can prove it using the properness of Supp(K) → M ×R×I and the fact that
Hence the functor also induces Ψ :
Tamarkin [Tam08] proved the non-displaceability theorem by using the category D(M ) and torsion objects, which we will explain below. Moreover, Guillermou-Schapira [GS14] proved that torsion objects form a triangulated subcategory and introduced the quotient category T (M ), which is invariant under Hamiltonian deformations. For c ∈ R, we define the translation map 
The following is the Hamiltonian invariance theorem due to Tamarkin [Tam08] . 
Combining Theorem 3.10 with Theorem 3.5 and Proposition 3.9, we can deduce the following non-displaceability theorem. Recall that a Lagrangian submanifold L of T * M is said to be exact if the restriction of the Liouville 1-form α| L is exact. Guillermou [Gui12, Gui16] proved the existence of sheaf quantizations of compact exact Lagrangian submanifolds of T * M .
Let L be a compact connected exact Lagrangian submanifold of T * M and choose a primitive of the Liouville 1-form f :
If there is no risk of confusion, we simply write L instead of L f . Consider the category D b 
]). Let
for any t > A (independent of t). One also defines D b
Guillermou [Gui12, Gui16] proved the following existence and uniqueness of sheaf quantizations of compact exact Lagrangian submanifolds. 
(ii) Moreover F in (i) is unique up to a unique isomorphism and simple along L.
We call the object
of L with respect to the rank 1 locally constant sheaf L. Moreover if L is the constant sheaf k M , that is, F + ≃ k M , then F is said to be the canonical sheaf quantization of L. Note that the simple sheaf quantization of L with respect to L is of the form
M L, where F is the canonical sheaf quantization and q M : M × R → M is the projection. We sometimes write a sheaf quantization associated with L (and f ) instead of L for simplicity.
Intersections of compact exact Lagrangian submanifolds in cotangent bundles and sheaf quantization
In this section, we study intersections of compact exact Lagrangian submanifolds in cotangent bundles, using Tamarkin's category and Guillermou's sheaf quantizations. In particular, we prove Theorem 1.1, a Morse-Bott-type inequality for clean Lagrangian intersections. Throughout this section, for i = 1, 2 let L i be a compact connected exact Lagrangian submanifold and f i : L i → R be a primitive of the Liouville 1-form satisfying
be a simple sheaf quantization of Λ i . Until the end of Subsection 4.3, we do not assume that L 1 and L 2 intersect cleanly.
Non-displaceability of compact exact Lagrangian submanifolds
In this subsection, we prove that the Hom space in T (M ) between the canonical sheaf quantizations associated with compact exact Lagrangian submanifolds is isomorphic to the cohomology of the base manifold M . Combined with Theorem 3.11, this implies the non-displaceability.
First we give a preliminary result useful to calculate Hom spaces in D(M ).
Lemma 4.1. Let L be a compact connected exact Lagrangian submanifold of T * M and Λ = L be the conification of L with respect to some primitive. Then
Proof. By compactness, there exists a constant
) for any c ≥ c 0 and k ∈ Z. In particular, 
By the compactness of L 1 and L 2 , there exists A ∈ R >0 satisfying Λ 1 , Λ 2 ⊂ T * (M × (−A, A)). Take a sufficiently large c 0 ∈ R ≥0 such that c 0 > 2A. Then, by the isomorphism
, we can apply the microlocal Morse lemma (Proposition 2.3) and obtain
(4.5)
The second assertion follows from Proposition 3.9.
Remark 4.3. In the special case where both L 1 and L 2 are the zero-section T * M M of T * M , (4.2) was already obtained by Guillermou-Schapira [GS14] . The outline of the proof is as follows. The simple sheaf quantization associated with the zero-section T * M M and a rank
+∞) . In [GS14], Guillermou and Schapira proved that the functor
is fully faithful (see [GS14, Corollary 5.8]). We thus obtain
Moreover, we can prove (4.2) for general compact exact Lagrangians L 1 and L 2 using (4.7) and Proposition 4.4 below. The following was pointed out to the author by T. Kuwagaki. 
Proof. By the compactness of L, we can take a sufficiently large
The cone of this morphism is supported in M × [−A, A + 1] and hence a torsion object. Therefore the morphism (4.9) is an isomorphism in T (M ). A similar argument shows that the morphism
By Theorem 3.11 and Proposition 4.2, we obtain the following:
Corollary 4.5. In the same notation as in Proposition 4.2, assume that
In particular, L 1 and L 2 are mutually non-displaceable.
Morse-Bott inequality for Hom

⋆
In this subsection, we shall apply the Morse-Bott inequality for sheaves to Hom ⋆ (F 2 , F 1 ). For this purpose, we estimate SS(Hom ⋆ (F 2 , F 1 )). Recall the isomorphism
whereq 1 ,q 2 : M × R × R → M × R are the projections, s : M × R × R → M × R is the addition map, and i : M × R → M × R is the involution (x, t) → (x, −t). Sinceq 2 andq 1 are submersions, by Theorem 2.5 (ii), we have inclusions 
(4.14)
Lemma 4.6. One has In other words, 
(4.18)
Let t : M → R be the function (x, t) → t. Then, by (4.18), we obtain
By this inclusion, we find that
Proposition 4.7. Let a, b ∈ R with a < b or a ∈ R, b = +∞. Assume
(1) the point a ∈ R is not an accumulation point of {f
Proof. We set H := Hom ⋆ (F 2 , F 1 ). By the assumption (1), we can take a ′ < a such that
By (4.18) and (4.21), we haveSS(H) ∩SS(k
Hence, by Proposition 2.7, we obtain b) ) and let t : M × (−∞, b) → R be the function (x, t) → t. We shall apply the Morse-Bott inequality for sheaves (Theorem 2.10) to H ′ and t : M × (−∞, b) → R. Combining (4.18) with (4.22), we get
Hence, the conditions in Theorem 2.10 are satisfied by (4.21), and the assumptions (2) and (3). Hence we have the inequality
for any k ∈ Z. Moreover, by (4.18), (4.21), and (4.22), we get
Applying the microlocal Morse lemma (Proposition 2.3), we have where
is the diagonal embedding, and
The morphism s induces the following commutative diagram, where we omit T * M (resp. T * M M ) in the first (resp. second) row and use the same symbol s for the addition map R × R → R:
We denote by π s :
the induced morphism in the second row in the above diagram. On the other hand, the morphism δ induces the following commutative diagram, where we omit T * s −1 (0) (R × R):
(4.29)
Let moreover ι :
be the isomorphism of line bundles defined by (t 1 , t 2 , τ, −τ ) → (t 1 , −t 2 , τ, τ ). We also use the same symbol ι for the induced isomorphism
Proposition 4.10.
There exists a sufficiently large A ∈ R >0 such that F 1 and F 2 are locally constant on M × (A − 2, +∞). Since the problem is local on M , we may assume that F 1 and F 2 are constant on M × (A − 2, +∞) from the beginning.
which implies isomorphisms
(4.31)
Therefore we obtain (Rs * RHom(q
By the distinguished triangle
with F ′ 2 supported in some compact subset, we find that
and s is proper on Supp(RHom(q −1
Since s is proper on the support, by Proposition 2.12 (i), we have
Moreover, since δ is non-characteristic for SS(RHom(q −1
is a submersion, by Proposition 2.12 (ii), we obtain
. Then, by Proposition 2.12 (i) again, we have
(4.37) (c) By Proposition 2.15, we have
(4.38)
Thus, by the distinguished triangle (4.33), we get
which completes the proof.
We define an open subset
Combining Proposition 4.7 with Lemma 4.9 and Proposition 4.10, we obtain the following: Proposition 4.11. Let a, b ∈ R with a < b or a ∈ R, b = +∞. Assume
(1) the point a ∈ R is not an accumulation point of
(3) the object RΓ Ω + ; µhom(T c * F 2 , F 1 )| Ω + has finite-dimensional cohomology for any a ≤ c < b.
Clean intersections of compact exact Lagrangian submanifolds
Throughout this subsection, we assume the following:
Under the assumption, the intersection L 1 ∩ L 2 has finitely many connected components, which are compact submanifolds of T * M , and the value f 2 (p) − f 1 (p) is constant on each component. In particular, the set {f
Under Assumption 4.12, we shall compute µhom(T c * F 2 , F 1 )| Ω + . Again, we may assume c = 0. Recall that we have set Λ i := L i for simplicity of notation. The following lemma is obtained in [Gui12, Lemma 6.14].
Lemma 4.13. Under Assumption 4.12, µhom(F 2 , F 1 )| Ω + is supported in Λ 1 ∩ Λ 2 and has locally constant cohomology sheaves.
Proof. For completeness, we also give a proof here. By Proposition 2.15, we have
Set Λ 12 := Λ 1 ∩ Λ 2 . Since Λ 1 and Λ 2 intersect cleanly, we have T * (M × R), which proves the result.
Let C 1 , . . . , C n 0 be the connected components of L 1 ∩ L 2 with f 21 (C j ) = 0 (j = 1, . . . , n 0 ). For a component C j , we define a closed subset C j of Ω + ⊂ T * (M × R) by
(4.44)
Note that C j /R >0 ≃ C j . We also denote by d i : Λ i → 1 2 Z the function which assigns the shift of F i . Since the function d i is invariant under the R >0 -action, we use the same
Theorem 4.14. Under Assumption 4.12 and in the notation above, assume moreover
where s(C j ) ∈ Z is given by
with p ∈ C j . In particular,
Proof. (a) By Lemma 4.13, µhom(F 2 , F 1 )| Λ 1 ∩Λ 2 has locally constant cohomology sheaves. Fix p ∈ C j and let us compute the stalk at p ′ := (p, 0; 1) ∈ C j . There exists a Hamiltonian diffeomorphism with compact support ψ :
be the homogeneous Hamiltonian diffeomorphism associated with ψ and
be the sheaf quantization of ψ. For simplicity of notation, we set χ = ψ. By Proposition 2.20, in a neighborhood of χ(p ′ ), we have the isomorphism
, where d ′ is the shift of K at (χ(p ′ ), p ′a ) and
Here, we use the symbols λ Λ (p) and λ ∞ (p) defined in (2.31). Hence we obtain the iso-
where we used Proposition 2.14 (iii) for the second isomorphism. We introduce a new local coordinate system (x, t ′ ) on M × R by t ′ := t + ϕ 2 (x). Then N 2 = {t ′ = 0} and N 1 = {t ′ = ϕ 2 (x) − ϕ 1 (x)}. Assumption 4.12 implies that ϕ := ϕ 2 − ϕ 1 is a Morse-Bott function. Therefore, after changing the local coordinate system x on M , we may assume that π(χ(p ′ )) = (0, 0) in the coordinates (x, t ′ ) and ϕ(x) = −x 2 1 − · · · − x 2 λ + x 2 λ+1 + · · · + x 2 l , where l := dim M − dim C j . Note that in the coordinate system on T * (M × R) associated with (x, t ′ ), we have χ(p ′ ) = (0, 0; 0, 1). Hence, by (2.19), we obtain
(4.51) Thus µhom(F 2 , F 1 )| C j is concentrated in some degree and locally constant of rank 1. Since k = F 2 , a locally constant sheaf of rank 1 is constant, which implies the isomorphism µhom(
For the above coordinates x on M , we set x ′ = (x 1 , . . . , x l ), x ′′ = (x l+1 , . . . , x m ) with m = dim M and denote by (x; ξ) = (x ′ , x ′′ ; ξ ′ , ξ ′′ ) the associated coordinates on T * M . We also denote by ∂ 2 x,x ϕ(0) = (∂ 2
x j x k ϕ(0)) j,k the Hessian of ϕ. Then, by a similar argument to that of the proof of [KS90, Proposition 7.5.3], we get
(4.53)
Moreover, we have
(4.54)
Here, we used the homogeneous symplectic coordinate system associated with (x, t ′ ) for the first equality, Lemma C.2 for the second one, and Proposition C.1 (i) for the last one. Combining the above two equalities, we finally obtain
(4.55)
Here, the second equality follows from the invariance under symplectic isomorphisms, the third one follows from the "cocycle condition" of the inertia index (Proposition C.1 (ii)), and the last one follows from Lemma C.2 again. Since l = dim M − dim C j , this completes the proof.
For a general filed k, if L 1 and L 2 are the graphs of exact 1-forms and intersect cleanly, the locally constant object µhom(F 2 , F 1 )| Ω + is described as follows: Proposition 4.15. Let k be any field. Under Assumption 4.12, assume moreover that there exists a C ∞ -function
Define a Morse-Bott function ϕ on M by ϕ := ϕ 2 − ϕ 1 and let C 1 , . . . , C n 0 be the critical components of ϕ with ϕ(C j ) = 0 (j = 1, . . . , n 0 ). For such a critical component
M as the maximal subbundle of T C j M where the restriction of the Hessian
M is negative definite, and define a closed subset C j of Ω + by
Let moreover L i := (F i ) + ∈ Mod(k M ) be the locally constant sheaf of rank 1 associated with the simple sheaf quantization F i for i = 1, 2. Then
(4.57)
M , which is equal to s(C j ) given by (4.46) in the statement of Theorem 4.14, and the right hand sides denote their zero-extensions to Ω + by abuse of notation.
Proof. We may assume that
. Take a critical component C j of ϕ satisfying ϕ(C j ) = 0. Then, by Proposition 2.16, we have 
In the case L 1 and L 2 intersect transversally, we also obtain the following:
Proposition 4.16. Let k be any field and assume that L 1 and L 2 intersect transversally.
⊂ Ω + as a special case of (4.44). Then
where s(p) ∈ Z is given by (4.46) in the statement of Theorem 4.14.
Proof. In this case, the support of µhom(F 2 , F 1 )| Ω + is contained in p p and each p is contractible. Hence µhom(F 2 , F 1 )| Ω + has constant cohomology sheaves on p p. The rest is exactly the same as the proof of Theorem 4.14.
The relation between the degree s(C) and the Maslov index will be explored in Section C.
Theorem 4.17. Under Assumption 4.12, let L 1 ∩ L 2 = n j=1 C j be the decomposition into connected components. Recall that for a component C of L 1 ∩ L 2 , one defines f 21 (C) := f 2 (p) − f 1 (p), taking some p ∈ C. Let moreover a, b ∈ R with a < b or a ∈ R, b = +∞. Then
for any k ∈ Z, where s(C j ) is given by (4.46) in the statement of Theorem 4.14. In particular,
Proof. Since the set {f
is finite, the conditions (1) and (2) in Proposition 4.11 are satisfied. Moreover, by Theorem 4.14, the condition (3) is also satisfied. Hence, the first assertion follows from Proposition 4.11 and Theorem 4.14. For the second assertion, by Proposition 3.9, it is enough to show that
for any c ∈ R and any k ∈ Z. This follows from Proposition 3.4 and the first assertion for the case a = 0, b = +∞. The last assertion follows from Proposition 4.16. 
for any rank 1 locally constant sheaf L ∈ Mod(k M ) over any field k.
Proof. It follows from Proposition 4.2 and Theorem 4.17.
where π L : L → M is the projection, over any field k. Let a, b ∈ R with a < b or a ∈ R, b = +∞. In this case, we obtain a more precise description of the complex
, not only the Morse-Bott-type inequality. Namely, if a ≤ 0 < b, using the concentration, Lemma 4.9, and Proposition 4.10, we have
) . 
A Degenerate Lagrangian intersections
In this section, using very simple examples, we briefly remark that our method can also deal with degenerate Lagrangian intersections. Until the end of this section, we set k = Q. We shall consider T * S 1 and the intersection of the zero-section S 1 and the graph of an exact 1-form L = Γ df . Let F := k S 1 ×[0,+∞) be the canonical sheaf quantization associated with the zero-section S 1 and G := k {(x,t)∈S 1 ×R|f (x)+t≥0} be that associated with L. Assume that the intersection of S 1 and L has only one possibly degenerate component C and it is transversal outside C. Then, by Proposition 4.11 and similar argument to the proof of Theorem 4.17, we obtain
(A.1)
We calculate the "contribution" RΓ Ω + ∩ π −1 (C); µhom(F, G)| Ω + ∩π −1 (C) from C in the following two typical examples. First, we consider the case the intersection is as in Figure A .1 in a neighborhood of C. In this case, G is isomorphic to the constant sheaf supported in the shaded closed subset in Figure 
Thus, in this case, the contribution from C is 1 in (A.1), and the cardinality of the transverse intersection points is at least 1 as expected.
Next, we consider the case the intersection is as in Figure A .3 in a neighborhood of C. The canonical sheaf quantization G associated with L is isomorphic to the constant sheaf supported in the shaded closed subset in Figure 
Hence, the contribution from C is 0 in (A.1) and the cardinality of the transverse intersection points is at least 2 in the second case. 
B Functoriality of sheaf quantizations
In this section, we prove the "functoriality" of Guillermou's simple sheaf quantizations with respect to Hamiltonian diffeomorphisms. We remark that results in this section are independent of the results in Section 4 and not used for the proofs of them. Let L be a compact connected exact Lagrangian submanifold of T * M and f be a primitive of the Liouville form α. We define the conification L f of L with respect to f as in (3.21). Let ψ be a Hamiltonian diffeomorphism of T * M and φ = (φ s ) s : T * M ×I → T * M be a Hamiltonian isotopy, where I is an open interval containing [0, 1], such that φ 1 = ψ and φ 0 = id T * M . We denote by H = (H s ) s : T * M × I → R the associated Hamiltonian and by X s the associated Hamiltonian vector field on T * M . The homogeneous lift φ of φ is described as follows (see [GKS12, Proposition A.6]):
where (x ′ ; ξ ′ /τ ) = φ 1 (x; ξ/τ ) = ψ(x; ξ/τ ) and u : T * M → R is defined by
Hence we get
On the other hand, we have equalities
Here, for a vector field X, L X denotes the Lie derivative with respect to X, and the third equality follows from Cartan's formula. Moreover, the fourth equality follows from the definition of the Hamiltonian vector field: dα(X s , * ) = −dH s . Hence setting f :
Thus we find that f is a primitive of α on ψ(L) and obtain the following:
Proof. By Lemma B.1, we have
By the uniqueness of simple sheaf quantizations (Theorem 3.13), it remains to show that
Let φ :T * (M × R) × I →T * (M × R) be the associated homogeneous Hamiltonian isotopy and
Replacing I with the relatively compact subinterval (−ε, 1 + ε), we may assume that
First, by Proposition 2.11, we have
By the definition of Λ φ (see (3.3)), we obtain
Denote by i s : M × R × {s} ֒→ M × R × I the closed embedding for any s ∈ I. Then, by the definition of Λ φ , we also have
Moreover by (B.9), we get
for any s ∈ I. Hence the inclusion (B.10) follows from the above estimates (B.12), (B.13), and (B.14). Since I is contractible, we have
C Relation to grading in Lagrangian Floer cohomology theory, by Tomohiro Asano
In this section, we relate the absolute grading of Hom ⋆ to that of Lagrangian Floer cohomology.
C.1 Inertia index and Maslov index
In this subsection, we recall some properties of the inertia index and the Maslov index. First we list some properties of the inertia index.
Proposition C.1 ([KS90, Theorem A.3.2]) . Let E be a symplectic vector space and denote by L(E) the Lagrangian Grassmannian of E. The inertia index τ : L(E) 3 → Z satisfies the following properties.
(ii) The inertia index satisfies the "cocycle condition": for any quadruple λ 1 , λ 2 , λ 3 , λ 4 ∈ L(E),
(iv) Let E ′ be another symplectic vector space, and let λ 1 , λ 2 , λ 3 (resp. λ ′ 1 , λ ′ 2 , λ ′ 3 ) be a triple of Lagrangian subspaces of E (resp. E ′ ). Then
Let M be a compact connected manifold without boundary and T * M be its cotangent bundle. Let moreover L T * M be the fiber bundle over T * M whose fiber is the Lagrangian Grassmannian, that is,
Proof. Take a local homogeneous symplectic coordinate system (x, t; ξ, τ ) on T * (M × R).
Using the coordinate system, we identify Then, by Proposition C.1 (iii), we have
for any r ∈ [0, 1]. Since λ Λ i (p ′ ; 0) = λ L i (p) ⊕ R (0; 1) , by Proposition C.1 (iv), we obtain
(C.7)
Next, we recall some properties of the Maslov index (see, for example, Leray [Ler81] , Robbin-Salamon [RS93] , and de Gosson [dG09] ). Proposition C.3. Let E be a symplectic vector space and denote by L(E) the universal covering of the Lagrangian Grassmannian L(E) of E. For λ i ∈ L(E)(i ∈ N), denote its projection to L(E) by λ i . The Maslov index µ : L(E) 2 → 1 2 Z satisfies the following properties.
(i) For any λ 1 , λ 2 ∈ L(E), µ( λ 1 , λ 2 ) = −µ( λ 2 , λ 1 )
(ii) The coboundary of µ is given by τ : µ( λ 1 , λ 2 ) + µ( λ 2 , λ 3 ) + µ( λ 3 , λ 1 ) = 1 2 τ (λ 1 , λ 2 , λ 3 ) (iii) If λ 1 and λ 2 move continuously in L(E) so that dim(λ 1 ∩ λ 2 ) remains constant, then µ( λ 1 , λ 2 ) remains constant.
(iv) For any λ 1 , λ 2 ∈ L(E), µ( λ 1 , λ 2 ) ≡ (v) Under an isomorphism ρ : π 1 (L(E)) ≃ Z, for any λ 1 , λ 2 ∈ L(E) and n, m ∈ Z, µ(ρ −1 (n) · λ 1 , ρ −1 (m) · λ 2 ) = µ( λ 1 , λ 2 ) + n − m, where dots stand for the covering transformation.
Remark C.4. Notation for the Maslov index differs by authors. Our µ is equal to half of µ in [dG09] . Note that (ii) and (iii) of the above proposition determine the function µ : L(E) 2 → 1 2 Z uniquely.
C.2 Graded Lagrangian submanifolds and Maslov index
Next, we recall the notion of graded Lagrangian submanifolds due to Seidel [Sei00] . Denote by L T * M the fiberwise universal cover of L T * M whose fiber over p is identified with the space of the homotopy classes of paths in L T * M,p from λ ∞ . We also denote by µ : where γ and λ are locally defined lifts of γ and λ L . Since the image of γ is contained in a connected component of U L , both µ( λ(p), γ(p)) and µ( γ(p), λ ∞ (p)) are constant on π(U ). The difference of the shifts can be calculated as By Proposition C.3 (v), λ can be uniquely chosen so that (C.11) holds on π(U ). Such λ can be glued together on the whole of L and becomes a grading of L.
Next, we consider the degree of Hom ⋆ (F 2 , F 1 ). Let L 1 and L 2 be compact exact Lagrangian submanifolds of T * M intersecting cleanly. For i = 1, 2, take a primitive f i : L i → R of the Liouville 1-form and denote by L i the conification of L i with respect to f i . Let F i ∈ D b (M × R) be a simple sheaf quantization of L i . We also denote by d i : L i → 1 2 Z the function which assigns the shift of F i . Then, by Theorem 4.14, the degree associated with a component C of L 1 ∩ L 2 in Hom ⋆ (F 2 , F 1 ) is given by
for any p ∈ C. Thus, combining Proposition C.5 with (C.10) and (C.15), we obtain the following theorem.
Theorem C.6. For i = 1, 2, let λ i : L i → L T * M be the grading of L i given in Proposition C.5. Then the degree associated with a component C of L 1 ∩ L 2 in Hom ⋆ (F 2 , F 1 ) is equal to gr(L 2 , L 1 ; C).
